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Jumping of
the net cone for Fano varieties

"

( Totaro )

§ Introduction .

they ( Birkar - Cassini - Haan - McKernan )
let ✗ be a ☒ - factorial bit Fano variety .

Than Cox (X ) is a f. g. Q
- alg .

11

④ H°( ✗ , @ (D ) )
☐ C- Cllx )

Geometric meaning of Cox ( x ) being f. g. ?

theorem ( Ha - keel )

let ✗ be a normal projective variety .



Then Cox (X ) is f. g.

(=) 1 . ✗ is ☒ - factorial
,
Cllx ) is f.g.

2 .
Net ( ✗ 7 is rational polyhedral ,
every net divisor is semi - ample .

3.
7- finitely many

modifications ✗ - - → × :

ison in codices 1
.
Sit

.

each ✗ i satisfies 1,2 ,

Mov ( ✗ I = Ñ Netcxi )
i=1

7-
the closure of the cone generated
by line bdls L w/ Bs / LI CX

[ odin 72

In this case
, ✗ is called a Moni dream space ( NDS )

.



Remains ,

since ✗ - -→ Xi is as isom in codices 1
,

we have UIX ) = cllxi )
,

1-101×101077 = 1-101×-1,0431 )

for all Weil divisors Don ✗ ,

Nov (X ) = Mov (Xi )
,

Cox ( X ) = Cox ( ✗ i ) .

If ✗ 4- Xi
,
then Neflx ) f- Neflxi )

Net 1×10 n Net 1×1-70 = of
.

Indeed , L C- Neflxin Net ( ✗ i )° is ample on X
> Xi
,

so ✗ = Pnoj④H°( ✗ , Lh )



I Pnoj ④ H°( xi , 4) = ✗ i
.

Movlx )

¥É Chamber decomposition
at Hov ( X ) .

Question ,

F-he properties of Fano varieties

as MDSS behave well under deformation ?

theorem ( de Fernex - Halon )
Let Xo be a ☒ - factorial terminal Fano variety .



Then Cox (Xo ) deforms in a flat family :

it ✗ → 13 is a flat family

w/ B smooth curve ,
fiber over 0 C- B I Xo

,

they h°( ✗ cold ) ) = h°( ✗t , OCD ] ) for all ☐ c- cllx )

for all + c- B near 0
.

Recnanki cecxeo ) = U( ✗e)

because Cllxo) -7 Han-21×04 ) + Ehneghuan 's thin .

They also showed ! ETF /Xo) = Eftlxe )

Nov (Xo) = Hov ( ✗E)

Question ( de Fernex - Haan )



Let ✗ • be a ☒ - factorial terminal Fano variety
.

Does the chamber decomposition remain constant

under any nearby flat deformation ?

Remark
,

-

If true , then Neflxo ) is constant
.

Some positive results are known :

dim Xo = 2 ! Movcxo)
'

= Nef ( Xo ) ✓

Theory ( de Ferner - flacon )
The question is true if either

din Xo £3

or din Xo 14 and Xo is Gorenstein .



Theorem ( Wisniewski )
-

The net cone of a smooth Fano variety
remains constant under deformation .

-

The pf uses the hand Lefschetz thin
.Remark ,

M( Totaro )

7-
☒ a factorial terminal Fano 4- Fold × ,

( resp .

7-
a - factorial terminal ↳orenstein Fano 5- told )

7- flat family ✗ → A- ' w/ fiber over 0 I ✗ o

of Fano varieties

9<-1. Net 1×07 § Nef (Xt ) for all -1=10



§ Construction,

Idea :

-

Construct a flip that deforms to an isomorphism !

flipflip
✗ - - --74 Xo → Yo ✗ e → Ye (-11--0)
It I 1
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¥
Take an ample divisor A on

Y

They A Iyo is ample , so
A / ✗ • is NOT ample .

A lye
,
A) xe It -1-0 ) are ample .



¥ Nefcxe ) (
t -1-07

f Neta. )

a-fact.tenuinal.Gorens-eint-ano5-fofan.be
Ino .

Assurance a > b > 1
.

We will construct a Fano Cat b)
- fold

with the required properties

( 9=3 , b= 2 gives the Fano 5- Fold . )

local
( ☒ 9 , of- 1)

b+ '

) - - - → ( ☒ b , Ot- 1)
""

)
picture 4

= ([ xo . - ^ , Kat , { • , -5 }b
I
1-7 ( [ go , - --,} :b ] , No ,

- -5719 )



s

lo - section ) ( o - section )
•

If
"

"

☒ 9
7 pgb

t.ge*

u

Xt
'

V = Gbt '
,
W = ga

- b

2- = § f- = If , , fz) : V → view
,
nk I 1 }

There are two resolutions of 2- :

✗ = { (f) L ) : L C v -01W a line ,

f. : v → L craw }



Y = { It , s ) ? S C V codicil
,

I 9- : Vg → raw }

a
-154-1

✗ → 7
,
fiber over to : v → ✓ ④ W )

I

{ ' " " '→ ¥ = ☒" ④ W ) = ☒ "

Y → 2-
, fiber oven (

o : v → VAW )
+ +

= ☒* ( v ) = pb(f) 5) 1-3 f

Define t : 7 → Xt
'

,
f- = It , , tz ) 1-7 trlti )



✗ - -→ y
Pac ✗ o - -→ yo spit

It
1.
" "
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It
u

u ( o :v→v⑦w )
Xt
'

Hohe over

✗ → P*(v④w ) =P
"

,
fiber over 2

4
a = Haul Vs L )

( f >
L ) 1-7 L

=) ✗ = ( Ra , Oc- i ]b+
'

) shoots

✗ o ,
- - -

,
✗ a { • ,

--

; }b



+

io}o}by+ = µ i
Kayo - -- Ka}b

+ It , L ) =
É Xi } ;
i=o

b

=) Xo = { I ✗ i }i = • } in ✗ : Gorenstein.
i -- O

u

Singlxo) = { Xo =
- - - = Xb = }o = - - = 36=6 }

I ☒ a
- b

✗ o =

around
⇒ ✗ sin variety

to C.
of druce -b- I



a sing su quad ,
pt

2b - fold

74

: factorial

similarly
Yo → ☒* (v ) = ☒ b

,
fiber over 5

a v1

It
,
s ) 1-7 s

= { t c- Homlvls
,
view) )) : tr f , =0

= How lvls , 5 ⑦ W )

⇒ Yo = ( Pb , 1-*⑦ GC- i >
a-b)

b

Global
picture

✗ = { Inoki }i= +9 } in Ppiafoc ,#
'

④ a) ✗ A
'

✗• rika { • , - ; }b , g +



=)

}
Xo = { ÷2oxi}i=o { in Rpa Coca >

b-"
①a)

✗ + = Ppa ( Ocs >
bt ' ) = ipaxpb

It -1-0 )
elxo )

17

Similarly yo = Ppb ( T ☒ 0h )
"- b

-010 ) : ply . ) = 2

i.

{
- kxo = ( a- b) Hat lb -1

' ) H : Fano
=

To tautological

- Kyo = - la- b) Hb + ( att ) 1-1



"

|
"" " "" "" " = "" """""

( t -1-07

* ÷:*
.

What happens if a = b ?

|Ñyo ,
✗" " ° su weak Fano

.

✗ o
--→ Yo flop .



ÉTUDES
( ☒2, 01-113 )

- - - -7 (172,01-173) / 2,12
flop

flip
y

= ✗ - -→


